We get point vortices dynamics equations on a rotating sphere surface directly from the hydrodynamic equations as representing their weak exact solution contrary to the conventional case of the use of a kinematic relationship between a given singular vortex field and velocity field. It is first time that the effect of a sphere rotation on the vortices interaction is accounted for. We show that the weak exact solution of the vorticity conservation on the rotating sphere equation does not correspond to the frequently used for the point vortices on a sphere interaction dynamic system with the introduced compensatory constant vorticity uniformly distributed over the sphere (for the sake of satisfying the Gauss condition on zero value of integral of the vorticity over the sphere surface). We show that only when accounting for (usually not accounted for) the stream function of such a uniform compensatory vorticity field, sum of the stream function of the point vortex and of the uniform compensatory vortex field coincides with the stream function of a vortex pair of antipodal vortices (APV), and only it satisfies the original three-dimensional hydrodynamics equations on a sphere. Corresponding to such a sum of stream functions dynamic system for N point vortices represents an exact weak solution of the vorticity conservation equation (on a rotating sphere and being at rest) and coincides with the point APV pairs dynamics equations. We prove that only APV 2 pair with two point vortices in the diameter-conjugated points of a sphere with equal by quantity but different sign circulations may be correctly considered as an elementary (stationary, not selfaffecting) singular point object on a sphere. We suggest using the axis connecting the two point vortices in an APV for describing of an axis of rotation of the global vortices introduced in (Barrett, 1958) to reflect the observed global rotation of atmospheric masses with the rotation axes not coinciding with the planet rotation axis and precessing about it. Due to the non-linearity of the equations, there is no opportunity for consideration of the linear superposition of the Barrett's solutions (generalizing wave Rossby solutions). That is why, up to now, the question about 
Introduction

Problem definition
Investigation of the fluid dynamics on the rotating sphere has fundamental and applied significance for understanding of the key physical processes in the atmosphere and ocean. Studies on the base of the regular vortex waves and on the singular vortex models were conducted mostly independently. All of them must be based only on the solving of the same absolute vorticity conservation equation (AVCE) in a thin layer of ideal incompressible fluid on the surface of a rotating sphere.
The consideration of point vortices on a sphere, and the basics of this model were described by Gromeka (1952) , Zermelo (1902) ), Bogomolov (1977 Bogomolov ( , 1979 , DiBatista & Polvani (1998 ), Dritschel et al. (2015 and others for the case of a static sphere and only for some approximate methods of the sphere rotation. The main conclusion in (Gromeka 1952 ) is that a dynamic system for the point vortices can be built only under necessary condition of zeroing the sum of intensities of all the point vortices. Under such a condition, there was suggested considering on the static sphere of " …a system of an even number of vortices having pairwise equal but inverse intensities and placed symmetrically with respect to some large circle". It corresponds to the system of pairs of antipodal point vortices (APV).
Up to now, equations describing point vortices dynamics on a sphere, were not inferred from the AVCE but were introduced using kinematic concepts on the base of the velocity field representation via definite singular vortex field distribution having a form of Bio-Savar-Laplace law. And up to now, there are no examples of exact accounting for the sphere rotation impact on the mutual dynamics of the point vortices.
Herein, this gap is filled. Directly for the AVCE, we obtain an exact weak solution in the form of Hamiltonian finite-dimensional dynamic system of ordinary differential equations. The system describes interaction of the point vortices under exact accounting for the effect of the sphere rotation. It is used for modelling of interaction of the global Barrett's vortices. Earlier, Barrett's vortices were considered only in the frame of study of regular wave solutions of the AVCE.
Emerging and developing of the approach based on the regular solutions of the AVCE on the rotating sphere was initiated by Rossby and is related to the study of Rossby vortex waves (Rossby 1939 ). We present in this paper the results which are related with those of Barrett (1958) that develop studies initiated by Rossby. The rest of the paper is organized as follows. In Section 1.2, we show that only when accounting for (usually not accounted for) the stream function of usually guessed uniform compensatory vorticity field, sum of the stream function of the point vortex and of the uniform compensatory vortex field coincides with the stream function of an APV pair, and only it satisfies the original three-dimensional hydrodynamics equations on a sphere. In Section 2, we present the AVCE and discuss its regular solutions in terms of Rossby vortex waves and the Barrett global vortices. In Section 3, we get an exact weak solution for the AVCE. This solution is presented as a solution of 2N Hamiltonian equations corresponding to N APV pairs. Position of each APV on the sphere can characterize spherical coordinates of the Barrett's vortex axis. We show that usual dynamic equations describing interaction of the point vortices on the sphere (Bogomolov 1977 , and others) do not correspond to an exact weak solution of AVCE (both for the cases of static and rotating sphere). In Section 4, we consider a particular case of APV dynamics with N=2, stationary APV modes and their stability. In Section 5, we estimate variability (stability) of vortex modes from observations and from the model. Section 6 concludes the paper.
In this paper, we develop a new approach for modeling of the interaction of global-scale atmospheric vortices, some aspects of which were discussed earlier in (Mokhov et al. 2010 (Mokhov et al. , 2013 .
The obtained results can be used for diagnostics and modeling of atmospheric centers of action (ACAs) and blocks, in particular.
Point vortex with compensatory vorticity field and APV's stream functions comparison
When considering point vortices dynamics on a sphere, it is essential to find an elementary (stationary) singular vortex object character for the dynamics on the sphere surface. On a plane, such a vortex object is a point vortex without motion self-induction. Generated by it stream function providing fluid particles motion with the finite speed outside of the vortex place, corresponds to an exact solution of two-dimensional hydrodynamics equations. Let us show that for the case of a spherical closed single-connected surface, a similar elementary vortex object can be only a system of APV consisting of two point vortices of same by quantity but different sign intensity placed in the diameter-conjugated points of the sphere. The main conclusions of the present paper are based on the point vortices dynamics on a rotating sphere representation as APV system.
Traditionally, as an elementary singular vortex object on the sphere, as on the unbounded plane, a unity point vortex is considered (Bogomolov 1977 (Bogomolov , 1979 Dritschel & Boatto 2015, and others) ; it has the following stream function (for simplicity, let a point vortex is placed on the sphere pole where the latitude complement to p , In (1.1), 1 G is the vortex circulation. The vorticity is as follows
where d is Dirac delta-function. Integral from the vorticity distribution (1.2) over the sphere surface of radius, r , is
The integral is non-zero because of the second term in the right-hand side of (1.2) related with the constant uniform vorticity. Thus, according to (1.2), the stream function (1.1) describes not only the field of a point vortex but also quite definite constant uniform vorticity yielding non-zero value of the integral over the sphere surface from (1.2). Usually, to provide Gauss condition (Dritschel & Boatto 2015) or Kelvin theorem (Bogomolov 1979 ) on equality to zero of an integral over the sphere surface from the vorticity sum satisfying, they add to (1.2) a compensatory constant vorticity, 0 w , having the same value as the second term in the righthand side of (1.2), but of the opposite sign. In the result, for the vorticity, However, in (Bogomolov 1979) , it is just noted that "it is easy to prove that presence of the constant vorticity, 0 w , does not change the equations of the point vortices motion...". Consequently, no in (Bogomolov 1979) , neither in other papers (see, e.g. Dritschel & Boatto 2015) , an opportunity of te impact of the constant vorticity (1.4) on the vortex dynamics to the best of our knowledge was not discussed up to now.
Let us consider a question of a possible impact of the vorticity (1.4) on the fluid particles dynamics and respectively on the dynamics of the other vortices. We define the form of the stream function, 10
y , that corresponds to the vorticity (1.4) according to the relationship, The stream function (1.7) coincides with the one considered farther in the present paper that corresponds to an APV pair placed for that particular case in the opposite poles.
The relationship, y w D -= , used for the stream function (1.7), yields the following APV vorticity
The vorticity, w , in (1.8) exactly coincides with the considered farther in (3.3) value, V 0 w , for r=R and
Thus, we show an important dynamic role of the compensatory vorticity (1.4). Its accounting for leads to the necessity of APV consideration. Only then, it is possible independent introduction of intensities of point vortices related with different APV. For APV, the Gauss condition and the Kelvin theorem represented by equality (1.3), are automatically satisfied. An importance of the distinction in the use of a stream function in the form of (1.1) or (1.7), is especially expressed while considering in Section 3 of an exact weak solution of AVCE on a rotating sphere when the point vortices dynamics equations are found to be directly depending on the form of the stream function used. For example, then for the case of two point vortices on a static sphere, trajectories of the vortices motion calculated on the base stream functions (1.1) and (1.7), coincide. In the case of the vortices number, N>2, or even for, N=2, but for the rotating sphere, the trajectories already differ. It points on the necessity of using of the APV system as an elementary vortex object on a sphere.
Let us also show that contrary to the stream function (1.1), the stream function (1.7) satisfies the original tree-dimensional hydrodynamics equations (used for inference of AVCE in a thin layer of ideal incompressible fluid on a rotating sphere, see below equation (2.1)).
In the case of a stationary mode when only zonal velocity field component is non-zero, The condition of compliance of equations (1.9) and (1.10) is as follows (it is consequence of the equality
and is obtained by differentiation of the both sides of the equation (1.9) over q and differentiation of the both sides of the equation (1.10) over r)
For the APV stream function (1.7), we have Further consideration of this problem was conducted by Haurwitz (1940) , Craig (1945 ), Neamtan (1946 and Barrett (1958) on a rotating sphere of radius R . The equation of w conservation, AVCE, in spherical coordinates ( , , r q f ) is in this case as follows (Batchelor 1967 ) (for r=R):
Here:
, W is the angular velocity of the sphere rotation (for the Earth ), q is the co-latitude, j is the longitude;
is the radial component of the local vortex field on the sphere, D is Laplace operator; y is the stream function for which q
(2.1). Equation (2.1) in the more general case corresponds to potential vorticity conservation
where H is the thickness of the fluid layer (see Batchelor (1967) 
with integer numbers n and m , In (Craig 1945) and (Neamtan 1946) , it is shown that solutions of the type (2.2), (2.3) also preserve their form for the general case of nonlinear waves when the condition 
Solutions of AVCE(2.1) by Barrett (1958)
In (Barrett 1958 ( )
are spherical coordinates of the initial axis position for the Barrett-type planetary-scale vortex, introduced by Barrett (1958) in correspondence to the observations from La Seur (1954) .
Solution (2.4) was suggested by Barrett (1958) for description of the observed global rotations of atmospheric masses with rotation axes not coinciding with the planet rotation axis and precessing about it in the west direction. According to La Seur (1954) , the circulation of the middle troposphere possesses a remarkable eccentricity with the center of symmetry for the flow at a considerable distance from the geographical pole. In such a case the intensity of the zonal component of the flow (with respect to the geographic pole) is low, while the meridional component is large. Harmonic analysis shows that the most of the energy for meridional motion is associated with the first longitudinal harmonic (Barrett 1958) . According to Barrett (1958) the circulation with a large meridional component may be a rather symmetric zonal vortex with respect to an eccentric pole.
As noted in (Barrett 1958) , such eccentric planetary-scale vortices were not considered previously in contrast with vortices (with significantly smaller scales) as introduced by Rossby (1948 Rossby ( , 1949 . Only for N = 1 does Barrett's planetary-scale vortex axis (which is static in the absolute coordinate system, where sphere rotates from west to east with angular velocity W ) rotate from east to west with angular velocity с = -Ω. This case (with N=1 as in Barrett's consideration) is important for a better understanding of the new results of Section 2.5 and Section 3 of this paper. In is presented in Section 3.
Solutions of AVCE (2.1) by Verkley (1984)
For the further consideration it is convenient to represent the solution of the equation (2.1) as obtained by Barrett (1958) , but in the following more generalized form, allowing singularities in the structure of the corresponding to such a solution (2.1) vortex wave embracing entire atmosphere (see also (Verkley 1984) ): Q , which have singular behavior at two points on sphere, we shall also consider in Section 3):
It is worth noting that for the stationary case with (see (Chefranov 1985) ). In particular, in (Chefranov 1985) a model for global pollution transport in a statistical ensemble of the ACA-type vortices is considered as an example of a linear function F corresponding to solid-body rotation.
Generalized Barrett (1958) and Verkley (1984) solutions of AVCE (2.1)
It is also possible to get a new modification of solution (2.5) in which the precession frequency of the Barrett vortex axis may be already independent from the eigenvalue n . Let us represent the solution of (2.1) as a linear superposition (in the most general form when For the stream function, in form (2.6) with any n in Y , the corresponding global vortices' axes rotate with the same angular velocity W from east to west only in the case 0 a = . In contrast to the stream function in form (2.5), this velocity does not depend on the value n (or n ). Actually, from equations (2.1) and (2.6), it follows
y is not introduced as in (Neamtan 1946) and (Verkley 1984) , we have
where n n = in (Neamtan 1946 ). Let us note that similar expression
was obtained in (Zermelo 1902 ) for 0 W = and n n = . In (Craig 1945) 
Exact weak solution for AVCE (2.1)
We shall model the Barrett vortices discussed in the previous section each as a pair of equal but opposite sign intensity antipodal singular vortices located on the sphere in the diameter-conjugated points. The dynamic interaction of such vortex pairs will be considered on the basis of an exact weak solution of the AVCE (2.1) on a rotating sphere.
It is possible to search a weak solution for equation (2.1) in the form of a superposition of N +1 diametrically conjugated point vortex pairs on the rotating sphere, APV (Borisov et al. 2007 ):
where d is the Dirac delta-function. The stream function y for the vorticity represented by equation (3.1) has the form of type (2.6) and corresponds to the presence of singularities in 2(N+1) points of the sphere: The expression for y in (3.2) takes into account (see also (1.7) and (1.8))t that solution of the
is the function q 
(see Appendix A.1 for more information). 
In our approach, point vortices dynamics is fully defined by the system (3.4) solution and does not depend on the fluid layer height H . Vice versa, the function H must satisfy the following equation (see also the end of the Section 2.1):
where the velocity field components The system (3.4) for 0 W = and 0 0 G = with accuracy up to numerical factor (set at p ) coincides with the corresponding system derived for the system of N pairs of APV in (Borisov et al. 2007) , where the system is introduced using kinematic considerations (see (Zermelo 1902; Bogomolov 1977) ), but not on the basis of an exact weak solution of hydrodynamics equation (2.1).In the case under consideration, the dissipation processes and energy pumping within the system are treated as not significant or balancing each other. Equations (3.4), following from (2.1) and (3.1), (3.2), must provide conservation of integral invariants of kinetic energy E , angular momentum M and impulse P , where the line above the variables denotes the averaging process for the respective variable on the surface of the sphere. Noted values related to the mass unit in the rotating coordinate system have the following form:
, r is the radiusvector in Cartesian coordinate system ( z y x , , ), origin of which is in the center of the sphere. The rotation of the sphere with a frequency of Ω is performed about the z-axis and radial motion is
it follows that 0 = P , and also: (Bogomolov 1977; Bogomolov 1979; Borisov et al. 2007 ). ). Thus, the sphere rotation or accounting for the polar vortices removes degeneration corresponding to the symmetry-related condition with two invariants of (3.7), existing only for 0 = W and 0 0 = G . As a result, the system (3.4) has for
only two independent integral invariants. Moreover, and for Ω = Г 0 = 0 the invariants of (3.7) may be not independent from (3.5), (3.6).
Usually instead of the system (3.1) for N pairs of APV for which the Gauss condition is satisfied automatically, a system of N point vortices (Bogomolov 1977; Dritschel et.al. 2015) is considered the stream function of which is as follows
The stream function (3.8) defines respective singular vorticity distribution (Bogomolov 1977) 
which satisfies the Gauss condition only under the following condition (that coincides with the condition (2.8) in (Bogomolov 1977) The system (3.11), (3.12) has the same invariants (3.5) and (3.6) as the system (3.4), but contrary to the latter, it represents an exact weak solution of the equation (2.1) only under condition (3.10). That is why, it is incorrect using of the system (3.11), (3.12) when the condition (3.10), imposing restrictions on the choice of the vortices intensities, fails. Actually, when (3.10) fails, it is already incorrect using of the stream function (А.3) (see Appendix A.1) when inferring (3.11), (3.12). As it is shown in Section 1.2, in the case of the uniformly distributed on the sphere constant vorticity compensating the point vortices vorticities in the case of violation of (3.10), it is necessary introducing the stream function (1.7) corresponding to it and really affecting the vortices dynamics.
However, it is usually not accounted for when using the system (3.11), (3.12) (see, e.g., (Bogomolov 1979) , (Dritschel et al. 2015) , where the system (3.11), (3.12) is used for violated (3.10); it is done in the works mentioned in the cases when in (3.11), (3.12),
accounting for the pointed stream function of such a uniform compensatory vorticity, it is necessary using not a stream function (А.3), but a stream function of APV (3.2), yielding the system (3.4) representing an exact weak solution of (2.1) instead of the system (3.11), (3.12).
It is reasonable to compare calculation results on the base of the system (3.4) and on the base of (3.11), (3.12). It is not difficult to check that for the case N=2 the systems (3.4) and (3.11), (3.12) give the same vortices trajectories only in the case of absence of the sphere rotation and polar vortices. For that case, in (3.4) and in (3.11), (3.12)
. At the same time, when 0 ¹ W (for 0 0 = G ) for N=2, there is a substantial difference of the trajectories corresponding to solutions of (3.4) and (3.11), (3.12), obtained for the same initial conditions for the same vortices intensities
In the absence of the sphere rotation ( 0 = W ) and for the zero polar vortices intensity (
the system (3.11), (3.12) exactly coincides with the one given in (Bogomolov 1977) , where it was inferred on the base of kinematic concepts, not from the hydrodynamic equations as it is made herein. Let us note that when accounting for the sphere rotation, and also for the static sphere, the equations (3.11), (3.12) are meaningful only under satisfying the Gauss condition in the form of equation (3.10), when the vortices intensities can be defined independently from the restriction related with (3.10).
The system (3.11), (3.12), corresponding to the very representations (3.8) and (3.9), corresponds to an exact weak solution of the AVCE (2.1) only when the condition (3.10) is satisfied for the point vortices intensities sum. And vice versa, when the condition (3.10) is violated, the system (3.11), (3.12) already cannot be representing an exact weak solution of the AVCE (2.1) and has not any corresponding physical model of hydrodynamics on the sphere. Thus, the system (3.11), (3.12) under condition (3.10) represents a new exact weak solution of AVCE. At the first time, we exactly account for the impact of the sphere rotation on the mutual dynamics of point vortices on a sphere as for the system (3.11), (3.12) under condition (3.10), as well for the system (3.4) without requirement (3.10).
Let us show in addition to the analysis conducted above, that in some cases corresponding to the condition (3.10) satisfying, the system (3.11), (3.12) can yield conclusions which also follow from the system (3.4) for APV. Consider, e.g. for N=2 linear stability of the stationary solutions of the systems (3.4) and (3.11), (3.12), which correspond to the constant zonal motion of a vortex pair of the same value but opposite sign circulation. For that stationary constant vortex pair motion, the following is true:
(3.13)
A similar problem of a vortex pair stationary zonal motion stability under condition (3.13) was studied also in (DiBatista, Polvani 1998) in the relation with the problem of blocks modelling in the conditions when the vortex pair is subjected to zonal solid-body rotation. In (DiBatista, Polvani 
, then under condition (3.13) for the stationary made under consideration according to (3.4) and (3.11), (3.12), the relationship
shall hold that exactly corresponds to the condition (3.10). Also, from (3.4), we have In spite of the differences between (3.14) and (3.15), the equation for small disturbances of the systems (3.4) and (3.11), (3.12) with respect to the stationary zonal motion of a vortex pair has the same form: 
, is stable with respect to small disturbances. Note that the left hand side of (4.1) may turn to zero also for 0 0 ¹ g , when the relationship (3.13) holds. Respective stationary mode and condition (3.17) of its linear stability were discussed above in relation with the problem block events modelling. 
It is possible to show that for 0 0 ¹ g the considered stationary state is stable with respect to small disturbances only when the following inequality holds: Inequality (4.3) corresponds to the realization of an oscillatory mode for small disturbances described by the following system of equations: ).
The noted important role of polar vortex pair in the case 0 0 ¹ g , however, is not as principally significant as in the case for Let us consider now in the general case a problem of stability of the constant velocity zonal vortex pair motion, the solution for the particular case of which is given above (see (3.13) -(3.18)).
The condition of that stationary mode realization with N=2 for the system (3. 
The condition (4.5) in the particular case (3.13) corresponds to the condition (3.14) and , also may be small by absolute value, that complies to the real blocks data. That conclusion is opposite to the conclusion in (DiBatista & Polvani 1998) on instability of the stationary mode of zonal motion of a vortex pair under small absolute values, (see also (3.18) and respective discussion).
Discussion and conclusions
In the framework developed in the present paper, the approach for vortex dynamic analysis on a uniform rotating sphere, the non-uniformity of the underlying surface, the non-adiabatic processes, and other factors typical in a real system of atmospheric vortices were not taken into account. into account variations of surface air temperature over the land and ocean (Mokhov et al. 2012 ).
An analysis was conducted in (Mokhov et al., 2012) Considered up to now only independently vortex regular waves and singular vortex dynamics on sphere are both the solutions of the absolute vorticity conservation equation (2.1) actually characterize the same hydrodynamic object which can be described by Legendre functions (of the first and second kind). This object is characterized by the some special dualism when point vortices correspond to the presence in some locations on the sphere of a singularity for these functions, but which are regular for the rest of the sphere. Here we considered the dynamics of such singularities (see also (Mokhov et al. 2012 (Mokhov et al. , 2013 We show that accepted up to now usage of the system (3.11), (3.12) without restriction (3.10) contradicts to the hydrodynamic equations (2.1). In the case of using of the concept of a compensatory uniform vorticity (in the absence of the constraint (3.10)), it is necessary using stream function (1.7) instead of the stream function (1.1), and replace (А.3) by the function (3.2), yielding the system (3.4) instead of (3.11), (3.12). However, only system (3.4) for N interacting APV on the rotating sphere represents an exact weak solution of the AVCE (2.1).
The authors would like to thank Anthony R. Lupo for his helpful comments. This research was supported by the Russian Science Foundation (grant 14-17-00806).
AppendixA. Derivation of system (3.4) and its generalization
A.1. Derivation of system (3.4)
It may be shown that the form of (3.1), (3.2) corresponds to an exact weak solution of equation 
After using integration by parts and taking into account the continuity equation 
. Arbitrariness in the defining of the function Г 0 (t) can be eliminated by considering in (3.5) and (3.8) the case when Г 0 and Ω depend on time.
Similarly, we get an exact weak solution of (2.1) in the form of the system (3.11), (3.12) by substituting into (2.1) of the vorticity distribution,
, where B w is defined in (3.9). Then, from (2.1) using a procedure analogous to that presented in (А.1), we get y is from (3.8), we get the system (3.11), (3.12). The system obtained has the physical sense only under Gauss condition in the form of equality (3.10). If (3.10) does not hold but an assumption on the introduced constant uniformly distributed over the sphere compensatory vorticity is used (to satisfy the Gauss condition when (3.10) is not true), then instead of (А.3), when substituting in (А.2), it is necessary to use the stream function for APV system (3.2). Obtained in the result instead of the system (3.11), (3.12), system (3.4) for failing condition (3.10), already does represent an exact weak solution of the equation (2.1).
A.2.System (3.4) generalization Let us get exact weak solution of the potential vorticity conservation equation 
